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Port-Hamiltonian Systems

ΣpH :

{
ẋ(t) = (J − R)x(t) + (B − P)u(t)

y(t) = (B + P)Tx(t) + (S − N)u(t)

u(t) y(t)

Dimensions: x(t) ∈ Rn, u(t) ∈ Rm, and y(t) ∈ Rm. We have n� m.

Constraints:

(i) J and N are skew-symmetric.

(ii) WP :=

[
R P
PT S

]
≥ 0.
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Error Estimate

ΣpH :

{
ẋ(t) = (J − R)x(t) + (B − P)u(t)

y(t) = (B + P)Tx(t) + (S − N)u(t)

u(t) y(t)

ω

‖H
(i
ω

)‖
2

‖y‖L2
≤ ‖H‖H∞‖u‖L2

‖e‖L2
≤ ‖H − H̃‖H∞‖u‖L2
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Parametrized port-Hamiltonian ROM

ΣpH :

{
ẋ(t) = (J − R)x(t) + (B − P)u(t)

y(t) = (B + P)Tx(t) + (S − N)u(t)

ΣpH(θ) :

{
ẋ(t) = (J(θ)− R(θ))x(t) + (B(θ)− P(θ))u(t)

y(t) = (B(θ) + P(θ))Tx(t) + (S(θ)− N(θ))u(t)

Consider vtu : Rq → Rn×n,

v 7→


v1 v2 . . . vn
0 vn+1 . . . v2n−1

0 0
. . .

...
0 0 . . . vn(n+1)/2


I J(θ) = vtu(θJ)T − vtu(θJ)

I W (θ) =

[
R(θ) P(θ)

P(θ)T S(θ)

]
= vtu(θW )Tvtu(θW )
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Algorithm Idea

2 4 6 8 10
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ω
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Objective Function

L(γ,H, H̃(·, θ),S) =
1

γ

∑
si∈S

((
‖H(si )− H̃(si , θ)‖2 − γ

)
+

)2

,

where S ⊂ iR, γ ∈ R+, and

( · )+ : R→ R+, x 7→

{
x if x ≥ 0

0 if x < 0

Benefits

I No need to compute the H∞-norm of H − H̃(·, θ).

I Gradient contains information on all samples si where ‖H(si )− H̃(si )‖2 > γ.

Paul Schwerdtner schwerdt@math.tu-berlin.de 7



Objective Function

L(γ,H, H̃(·, θ),S) =
1

γ

∑
si∈S

((
‖H(si )− H̃(si , θ)‖2 − γ

)
+

)2

,

where S ⊂ iR, γ ∈ R+, and

( · )+ : R→ R+, x 7→

{
x if x ≥ 0

0 if x < 0

Benefits

I No need to compute the H∞-norm of H − H̃(·, θ).

I Gradient contains information on all samples si where ‖H(si )− H̃(si )‖2 > γ.

Paul Schwerdtner schwerdt@math.tu-berlin.de 7



Objective Function

L(γ,H, H̃(·, θ),S) =
1

γ

∑
si∈S

((
‖H(si )− H̃(si , θ)‖2 − γ

)
+

)2

,

where S ⊂ iR, γ ∈ R+, and

( · )+ : R→ R+, x 7→

{
x if x ≥ 0

0 if x < 0

Benefits

I No need to compute the H∞-norm of H − H̃(·, θ).

I Gradient contains information on all samples si where ‖H(si )− H̃(si )‖2 > γ.

Paul Schwerdtner schwerdt@math.tu-berlin.de 7



Objective Function

L(γ,H, H̃(·, θ),S) =
1

γ

∑
si∈S

((
‖H(si )− H̃(si , θ)‖2 − γ

)
+

)2

,

where S ⊂ iR, γ ∈ R+, and

( · )+ : R→ R+, x 7→

{
x if x ≥ 0

0 if x < 0

Benefits

I No need to compute the H∞-norm of H − H̃(·, θ).

I Gradient contains information on all samples si where ‖H(si )− H̃(si )‖2 > γ.

Paul Schwerdtner schwerdt@math.tu-berlin.de 7



Objective Function

L(γ,H, H̃(·, θ),S) =
1

γ

∑
si∈S

((
‖H(si )− H̃(si , θ)‖2 − γ

)
+

)2

,

where S ⊂ iR, γ ∈ R+, and

( · )+ : R→ R+, x 7→

{
x if x ≥ 0

0 if x < 0

Benefits

I No need to compute the H∞-norm of H − H̃(·, θ).

I Gradient contains information on all samples si where ‖H(si )− H̃(si )‖2 > γ.

Paul Schwerdtner schwerdt@math.tu-berlin.de 7



Example

10−4 10−2 100 102
10−4

10−3

10−2

10−1

100

ω

σ
1

Paul Schwerdtner schwerdt@math.tu-berlin.de 8



Example

10−4 10−2 100 102
10−4

10−3

10−2

10−1

100

ω

σ
1

Paul Schwerdtner schwerdt@math.tu-berlin.de 8



Example

10−4 10−2 100 102
10−4

10−3

10−2

10−1

100

ω

σ
1

Paul Schwerdtner schwerdt@math.tu-berlin.de 8



Example

10−4 10−2 100 102
10−4

10−3

10−2

10−1

100

ω

σ
1

Paul Schwerdtner schwerdt@math.tu-berlin.de 8



Example

10−4 10−2 100 102
10−4

10−3

10−2

10−1

100

ω

σ
1

Paul Schwerdtner schwerdt@math.tu-berlin.de 8



Example

10−4 10−2 100 102
10−4

10−3

10−2

10−1

100

ω

σ
1

Paul Schwerdtner schwerdt@math.tu-berlin.de 8



Results

2 6 10 14 18
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Parametric Systems

Σ(p) :

{
ẋ = A(p)x + B(p)u

y = C (p)x + D(p)u

u(t) y(t)

A : Ω→ Rn×n, B : Ω→ Rn×m, C : Ω→ Rp×n, D : Ω→ Rp×m

Ω ⊂ Rnp
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Previous Results (Geuss et al. 2013)

0.4 0.8 1.2 1.6 2.0 2.4
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10−3
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parameter p

H
∞
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BT-Interp RK-Interp
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Parametric SOBMOR

Σ(θ, p) :

{
ẋ = (J (θ, p)−R(θ, p))x + B(θ, p)

y = C(θ, p)x +D(θ, p)u

R(θ, p) = g1(p)R1(θ) + · · ·+ gk(p)Rk(θ)
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Adapted Objective Function

L(γ,H, H̃(·, ·, θ),S) =
1

γ

∑
(si ,pi )∈S

((
‖H(si , pi )− H̃(si , pi ; θ)‖2 − γ

)
+

)2

,
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Results

0.4 0.8 1.2 1.6 2.0 2.4
10−4

10−3

10−2

parameter p

H
∞

er
ro

r
PSOBMOR BT-Interp RK-Interp

Paul Schwerdtner schwerdt@math.tu-berlin.de 14



Structure Preserving PMOR

ΣpH(θ, p) :

{
ẋ = (J (θ, p)−R(θ, p))x + B(θ, p)u

y(t, p) = B(θ, p)Tx

Paul Schwerdtner schwerdt@math.tu-berlin.de 15



Identification

ΣpH
u(t)

Σ̃pH

y(t)

−

e(t)

ỹ(t)
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Identification

DATA
y(t)u(t)
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Identification

DATA

Σ̃pH

u(t)

−

y(t) e(t)

ỹ(t)
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Results: Structured System Identification

pH-Loewner our method vector-fitting

10−2 100 102 104
10−0.5

100.0

101.0

ω
10−2 100 102 104

ω
10−2 100 102 104

ω

(a) σ = 0.01 (b) σ = 0.1 (c) σ = 1.0
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Controller Synthesis

P

KpH(·, θ)

w z

y−u

PCL(s, θ) := Pwz(s)− Puz(s)KpH(s, θ)(I + KpH(s, θ)Puy (s))−1Pwy (s)
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H∞ Synthesis

Objective Function

L(γ,H, H̃(·, θ),S) =
1

γ

∑
si∈S

((
‖H(si )− H̃(si , θ)‖2 − γ

)
+

)2

,

where S ⊂ iR, γ ∈ R+, and

( · )+ : R→ R+, x 7→

{
x if x ≥ 0

0 if x < 0

Benefits

I No need to compute the H∞-norm of PCL.

I Gradient contains information on all samples si where ‖H(si )− H̃(si )‖2 > γ.
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Application

P :

{[
Pwz Puz

Pwy Puy

]

K KpH

HIFOO, Hinfstruct
our method

Enforce Passivity
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Results — EB5 model
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Results — EB6 model
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Results — DLR1 model
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Collaborators: V. Mehrmann, T. Moser, M. Schaller, M. Voigt

Contribution

I Optimization-based methods for pH
systems

I Flexible algorithms for MOR,
H∞-Synthesis, and Identification

I Reading: Adaptive Sampling for
Structure-Preserving Model Order
Reduction of Port-Hamiltonian
Systems

(only 6 pages!)

Contact

� Algopaul

R schwerdt@math.tu-berlin.de
PortHamiltonianBenchmarkCollection

www.port-Hamiltonian.io
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