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Modeling of VLSI
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Modeling via directed graphs:
Eẋ(t) = (J −R)x(t) +Gu(t)

y(t) = GTx(t)
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Modeling of VLSI
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x(t)

→ Index-1 pHDAE

H(iω) = GT(iωE − (J −R))−1G

= Hsp(iω) +D0

→ Proper transfer function
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Modeling of VLSI


E11 E12 0 0
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0 0 0 0
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G4
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y =
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GT
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4

]
x(t)

→ Index-2 pHDAE

H(iω) = GT(iωE − (J −R))−1G

= Hsp(iω) + iω · D1

→ Improper transfer function
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Approach

(1) Minimal parameterization of pHDAEs
- with any differentiation index
- with any transfer function

(2) Model order reduction (MOR)
- optimize minimal parameter sets
- obtain high-fidelity approximations
- using only samples of H
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Definition of pHDAEs

Linear time-invariant differential-algebraic system

Eẋ(t) = (J −R)x(t) + (G− P )u(t),

y(t) = (G+ P )Tx(t) + (S −N)u(t),

where x(t) ∈ Rn, u(t), y(t) ∈ Rm and with

(i) Structure matrix

Γ :=

[
J G

−GT N

]
= −ΓT,

(ii) Dissipation matrix

W :=

[
R P
PT S

]
= WT ≥ 0,

(iii) Hamiltonian

H(x(t)) :=
1

2
x(t)TEx(t) ≥ 0

and transfer function
H(s) := (G+ P )T(sE − (J −R))−1(G− P ) + S −N,
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Properties of pHDAE transfer functions

Lemma (Wohlers, 1969)
The transfer function of every pHDAE may be decomposed into

H(s) = Hsp(s) +D0 +D1 · s,

with the following properties:
(i) The transfer function Hsp(s) is strictly proper, i.e. lims→∞Hsp(s) = 0

(ii) The proper subsystem with Hp(s) := Hsp(s) +D0 is passive
(iii) D1 = DT

1 ≥ 0, i.e. D1 = LLT with L ∈ Rm×q and q ≤ m
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Minimal realizations of pHDAEs

Theorem
Given is a pHDAE with x(t) ∈ Rn and H(s) = Hsp(s) +D0 +D1 · s.

For the proper transfer function Hp(s) = Hsp(s) +D0, there exists a realization

ẋp(t) = (Jp −Rp)xp(t) + (Gp − Pp)u(t),

yp(t) = (Gp + Pp)
Txp(t) + (Sp −Np)u(t),

with xp(t) ∈ Rnp (np ≤ n).

Decompose D1 = LLT with L ∈ Rm×q. A minimal realization of the pHDAE is given byInp 0 0
0 Iq 0
0 0 0

 ẋmin(t) =

Jp 0 0
0 0 −Iq
0 Iq 0

−

Rp 0 0
0 0 0
0 0 0

xmin(t) +

Gp

0
LT

−

Pp

0
0

u(t),

y =
[
GT

p + PT
p 0 L

]
xmin(t) + (Sp −Np)u(t),

with xmin(t) ∈ Rnp+2q and transfer function H.
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Problem statement

Given: pHDAE with x(t) ∈ Rn and H(s) = Hsp(s) +D0 +D1 · s

Goal: Find reduced-order model (ROM)Ir 0 0
0 Iq 0
0 0 0

 ẋr(t) =

Jp,r(θ) 0 0
0 0 −Iq
0 Iq 0

−

Rp,r(θ) 0 0
0 0 0
0 0 0

xr(t) +

Gp,r(θ)
0

Lr(θ)
T

−

Pp,r(θ)
0
0

u(t),

yr =
[
Gp,r(θ)

T + Pp,r(θ)
T 0 Lr(θ)

]
xr(t) + (Sp,r(θ)−Np,r(θ))u(t),

with state xr ∈ Rr+2q (r ≪ n), parameterized by θ ∈ R???, and transfer function Hr(·, θ)

(i) ∥H −Hr(·, θ)∥H2
:=

(
1
2π

∫∞
−∞ ∥H(iω)−Hr(iω, θ)∥2Fdω

)1/2
is finite and ”small”

(ii) it is a pHDAE, i.e. Γr(θ) =

[
Jp,r(θ) Gp,r(θ)

−Gp,r(θ)
T Np,r(θ)

]
= −Γr(θ)

T, Wr(θ) =

[
Rp,r(θ) Pp,r(θ)
Pp,r(θ)

T Sp,r(θ)

]
= Wr(θ)

T ≥ 0
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Parameterization for H2 model reduction

Goal: ∥H −Hr(·, θ)∥H2
=

(
1
2π

∫∞
−∞ ∥H(iω)−Hr(iω, θ)∥2Fdω

)1/2

→ H(iω)−Hr(iω, θ) = Hsp(iω)−Hsp,r(iω, θ) + D0 − (Sp,r(θ)−Np,r(θ)) + iω(D1 − Lr(θ)Lr(θ)
T)

1. Fix Lr such that LrL
T
r = D1

2. Fix Sp,r, Np,r such that Sp,r −Np,r = D0 → Sp,r =
1
2(D

T
0 +D0), Np,r =

1
2(D

T
0 −D0)
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Parameterization for H2 model reduction

Goal: ∥H −Hr(·, θ)∥H2
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Parameterized ROM with θ ∈ Rr(r+2m)

Ir 0 0
0 Iq 0
0 0 0

 ẋr(t) =

Jp,r(θ) 0 0
0 0 −Iq
0 Iq 0

−

Rp,r(θ) 0 0
0 0 0
0 0 0

xr(t) +

Gp,r(θ)
0
LT
r

−

Pp,r(θ)
0
0

u(t)

yr =
[
Gp,r(θ)

T + Pp,r(θ)
T 0 Lr

]
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Optimization of θ

Given:

H(s) = Hsp(s) +D0 +D1 · s

Assumption:

Hr(s, θ) = Hsp,r(s, θ) +D0 +D1 · s

=
r∑

i=1

li(θ)ri(θ)
T

s− λi(θ)
+D0 +D1 · s
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Optimization of θ

Given:

H(s) = Hsp(s) +D0 +D1 · s

Assumption:

Hr(s, θ) = Hsp,r(s, θ) +D0 +D1 · s

=
r∑

i=1

li(θ)ri(θ)
T

s− λi(θ)
+D0 +D1 · s

Pole-residue formulation of H2 error (Beattie, 2009):

∥H −Hr(·, θ)∥2H2
= ∥Hsp∥2H2

− 2
r∑

i=1

li(θ)
THsp(−λi(θ))ri(θ) +

r∑
j,k=1

lj(θ)
Tlk(θ)rk(θ)

Trj(θ)

−λj(θ)− λk(θ)
.
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Optimization of θ
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=
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Pole-residue formulation of H2 error (Beattie, 2009):
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i=1

li(θ)
THsp(−λi(θ))ri(θ) +

r∑
j,k=1

lj(θ)
Tlk(θ)rk(θ)

Trj(θ)

−λj(θ)− λk(θ)
.

Optimization problem

min
θ∈Rr(r+2m)

F(θ;H) := ∥H −Hr(·, θ)∥2H2
− ∥Hsp∥2H2
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Numerical example

Eẋ(t) = (J −R)x(t) +Gu(t)

y(t) = GTx(t)

Some details:

• D0 = 0, D1 ̸= 0

• n̄ = 500 → x(t) ∈ R1502

• random physical parameters ∈ (0, 1]

Bode Plot
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Results
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Key takeaways

1. Algebraic constraints → challenging for MOR
2. pH structure → blessing and curse
3. Optimization-based approach: flexible parameterization
4. Benefits: minimal ROM dimension + only samples of H needed
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MORpH - Model Reduction of pHDAEs in MATLAB
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