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In recent years, renewed attention has been paid to the fact that
many numerical optimization algorithms can be interpreted as
dynamical systems. This perspective is essential to bridge the gap
between algorithms and their implementation as feedback systems.

Dynamical System

Optimization _,
Algorithm -

Hauswirth, A., Bolognani, S., Hug, G., & Dorfler, F. (2021).
Optimization algorithms as robust feedback controllers. arXiv
preprint arXiv:2103.11329.
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How to prove the stability of dynamical systems?

@ Lyapunov function: A universal approach to analyzing the
stability of dynamical systems is to construct a Lyapunov
function that decreases along the trajectories of the system,
proving asymptotic convergence.

@ Integral quadratic constraints: A powerful LMI-based tool for
stability analysis. The feasibility of LMI implies the linear
convergence of the algorithm.

@ Dissipativity theory: Dissipativity has been introduced by
Willems and is motivated by the concept of passivity, a
concept from electrical network theory which relates the
stored energy in an electrical network with the supplied energy
into the network.
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In systems and control theory one often encounters nonlinear control systems described, in the state space form, by
means of a set of ordinary differential equations of the following type:

x = f{x) + G(X)u,
y = h(2. 1

Definition

The control system (24) is said to be dissipative with respect to the supply rate S: R” x RP x RY — R, if
there exists a positive semidefinite storage function V: R” — R such that the (integral) dissipation inequality

Vx(t1)) — VX(2)) < /:1 S(x(2), u(t), ¥())dt @)
Tt

If the storage function V is smooth then the integral dissipation inequality (25) can be rewritten as

V(x(1) < S(x(8), u(®), (1)) 3)
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Definition

The control system (24) with p = q is said to be passive, if there
exist a positive semidefinite storage function V: R"” — R such
that the following dissipation inequality is satisfied:

VAX)(f(x) + G(x)u) < uTh(x), VX, u. (4)

Because (4) must hold for all u's, one obtains the so-called
nonlinear positive real lemma

VAx)Ax) <0
Vx)G(x) = h'().
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Linear Systems

The most well-studied class of control systems are linear
time-invariant control systems given by

X = Ax+ Bu, (5)
y=Cx.
For this class of systems, dissipativity theory can fully deploy its
power because supply rates and storage functions can be computed
efficiently.

A semidefinite program, which can be seen as a generalization of a
linear program, is a convex optimization problem and has the form

minimize c'¢
k
Fo+» &Fi<0, (6)

i=1
D¢E=e
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v(x) = xT Px (7)

with P > 0. Then, for example, the dissipation inequality (4) for
passivity for system (5) turns into

2x"P(Ax + Bu) < x"CTu (8)
or equivalently into
1
N\T[PA+ATP PB—-CT\ /4
o Ve (W E
u BTP—2C 0 Y
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Optimization problems lie at the heart of many machine-learning
formulations.

minimize f(x)

subjectto x€ (2

The simplest and probably most natural method for minimizing
differentiable functions is gradient descent.
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Gradient descent
Xk+1 = Xk — OéVf(Xk)

Learning step
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for constrained optimization, use projected gradient descent

Xk+1 = rIQ(Xk — OéVf(Xk))
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Xk+1 = Xk — OéVf(Xk)

In real, it is the result of applying Euler’s rule, with step-size
ay > 0, to the gradient system

x=—VAfx)
to prevent oscillation, add a second order term

%= —bx— VAX)
Xk+1 = Xk — OéVf(Xk) + 5(Xk — kal)

heavy ball method with constants «, 3
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Canonical first order methods

Gradient
Xk+1 = Xk — OéVf(Xk)
Heavy Ball
Xkr1 = Yk — oV Axg)
Vi = (1 + B)xk — Bxu—1
Nesterov

Xi41 = Yk — aV k)
v = (1+ B)xk — Bxr—1

Majid Darehmiraki Analysis of Some First Order Optimization Algorithms by Dissi



The main Dynamical system
Xpy1 = Axi + Buy
The general form

Yi+1 = Yk + Bk — yk—1) — oV {wy)
wk = Yk + v(Vk — Yk—1)

if set xx = [ykal ykT T

A= <_gld (B fl)’d) 5= <—Z/d)
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Classical Dissipativity Theory

Consider a linear dynamical system

Xir1 = Axk + Buy (10)

Definition

The supply rate is a function S: R"” x R™ — R that maps any
state/input pair (x, u) to a scalar measuring the amount of energy
delivered from u to state x.
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Definition

The dynamical system (10) is dissipative with respect to the supply
rate S if there exists a function V: R" — R such that 0 < V(x)
for all x€ R" and

V(Xir1) — Vxi) < S(x, b)), (11)

for all k. The function V'is called a storage function, which
quantifies the energy stored in the state x. In addition, (11) is
called the dissipation inequality.

A variant of (11) known as the exponential dissipation inequality
states that for some 0 < p < 1, we have

V(xks1) = p*V(xk) < S(xk, uk), (12)

which states that at least a fraction (1 — p?) of the internal energy
will dissipate at every step.
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In summary, dissipativity involves three components

@ Positive semidefinite storage function V
@ the supply rate S
© dissipation inequality
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Consider the following quadratic supply rate with
X € Rlrtmx(ntm) and X = XT,

S(x, u) = <’;> Tx (z) . (13)

If there exists a matrix P € R"™™ with p > 0 such that

ATPA— p’P ATPB
— X<
( BTPA gTpg) ~ X =0 (14)

then the dissipation inequality (12) holds for all trajectories of
(10) with V(x) = x" Px.
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For using the dissipativity theory for linear convergence rate
analysis, we need basically two steps:

@ Choose a proper quadratic supply rate function S satisfying
certain desired properties, e.g. S(xk, ux) < 0.

@ Solve the linear matrix inequality (14) to obtain a storage
function V, which is then used to construct a Lyapunov
function.
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Dissipativity for Gradient Descent

Assume fis L—smooth, m—strongly convex and Vfy,) = 0.

Yit1 = Yk — @V yK) = Yir1 — Yo = Yk — Yx — f(yi),

Define xx = yk — y« and ux = VAyx) and set A= I, and B= —al,.
In this case, the gradient descent method is modeled as (10).
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Consider the following quadratic supply rate

S(xk, ug) = <)lji> ' <_(i7m_£lz)lp _(m;,; L)I,,) <Z’;) (15)

Due to co-coercivity S(xk, ux) < 0 for all k.
Set P=p® I, and

V(xi) = plxdl® = pllyi — vl

The following LMI is obtained

(1-p%)p —ap —2mL m+L
<
<< —ap a?p? * m+L =2 @lp=0
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Therefor

pllyirs — yell* < 2pllyic — yell?
if there exist p > 0 such that

(1—-p*)p —ap —2mL m+L
<
< —ap a’p + m+L =2 =0 (16)

1
If we set («, p, p) = (Z’ 1— %, L?), can recover the standard rate
resulti in Ployak(1987).
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Let xx € argmin, . q f(x) be a minimizer of f: RY — R U {co} with a finite optimal value f(x ). Consider an
iterative first order algorithm in the state-space form.
o Suppose the fixed points (€, Ux, y«, X« ) of the state-space form satisfy
Ex = Arbu + Bty yu = b, U = d(yx), X = Ex€x = yu forall k.

e Suppose there exist symmetric matrices Ml, Mi, Mﬁ such that the following inequalities hold for all k.

Tl
F(xiq1) — FOx) < e Myey,
T
Flxger1) — Flx) < ef Miey,
0< eZMiek,

where e = [(£x — €x)T (ug — ux)7]T € R™4 and Mi is either zero or indefinite.

Suppose there exists a nonnegative and nondecreasing sequence of real {ay}, a sequence of nonnegative
reals {o}, and e sequence of n X n positive semidefinite matrices Py satisfying

M + ML + (ags1 — a)M3 + oM < O forallk,
where

M2 = AZ—PkTJrlAk — Pk A;Pk+1Bk i
By Py1Bx Ay Pri1Bxk
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Dissipativity for Nesterov's Method

Consider following dynamical system

Vi1 = Wk — aVRwy)

wi = (1+ B)yk — Byk-1 (17)
Equations (17) can be rewritten as follows:
Yk — Y« Yk—1 = Y=

where uy = VAwy), A= A® I, B=B® I, and
- (1+p -8 S et
(7 0) =)

X = < Yk — Y« >
Yk—1 — Yx

Nesterov's accelerated method can be written in the form of (10).

If set
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Lemma

Let f be L—smooth and m—strongly convex with m > 0. Let y, be the unique point satisfying ¥V f(y) = 0.
Consider Nesterov's method (17) or equivalently (18). The following inequalities hold for all trajectories.

Yk — Y= T Yk — Y=
Yk=1 = Y+ | X1 | yk—1 — ¥«
V flwg) V f{wg)

e—ye \ Yk = Y
Ye—1 = Yx | Xo | Yk—1 — Y=
V flwg) V f{wg)

where X; = X; ® Ip fori=1,2, and X; are defined by

IA

flyk) — Ayi+1)s

IA

yx) = A¥iy1)

1 Bm  —fm -8
X1 == 7,82m Bzm B (19)
2\ - 8 a2 — La)
1 [ @+8)m  —BA+BmM  —(1+8)
Xo =~ | =B(1+B)m B8%m B (20)
—(1+8) B a2 — La)

One can define the supply rate as (13) with a particular choice of X = p?Xy + (1 — p?)Xa, (0 < p < 1) . Then
this supply rate satisfies the condition

S(xs uk) < P (Ayk) — Ays) — (Ayigr — flys))- (21) |
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Theorem

Let f be L—smooth and m—strongly convex with m > Q. Let y, be
the unique point satisfying Vfy,) = 0. Consider Nesterov's
accelerated method (17). Set X = p?X1 + (1 — p?)Xa. Thus there
exist a matrix 0 < P € R?*? such that

APA— 2P APB\ -
< BPA BPB) —Hst (22)

then set P=P® lp and define the Lyapunov function

Vi = ( Y= ¥ )TP( Y= ¥ )+f(yk)—f(y*>, (23)

Yk—1 — Y« Yk—1 — Y«

which satisfies Vi1 < p2 Vi for all k. Moreover, we have
flvi) — flys) < >V} for Nesterov's method.

Majid Darehmiraki Analysis of Some First Order Optimization Algorithms by Dissi



!

clearly P> 0 . Now define k = A Given a = 1, 6= vk—1 and
m \/;+1

pPP=1—/ % It is easy to see that the left side of inequality (14)

is as follows:

m(vk-13 (110
2(k—|—\/}) 0 0 0
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Continuous time

-time Dissipation Inequality

In systems and control theory one often encounters nonlinear control systems described, in the state space form, by
means of a set of ordinary differential equations of the following type:

x = f(x) + G(X)u,
¥ = hx)- (24)

The control system (24) is said to be dissipative with respect to the supply rate S: R" x RP x RY — R, if
there exists a positive semidefinite storage function V : R" — R such that the (integral) dissipation inequality

t
Ux(t)) — V() < / S((8), u(t), y(H)dt (25)
0

If the storage function V is smooth then the integral dissipation inequality (25) can be rewritten as

V(x() < S(X(2), u(z), (1)) (26)
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Continuous time

Consider

Let X(t) € R(P+a)x(P+a) and XT(t) = X(t) for all t. Consider the
quadratic supply rate

5@@%4@¢p:<§3>Tx<ﬁg> (28)

If there exists a family of matrices 0 > P(t) € P19 such that

ATP+PA+P PB
— X<

( STp . > X<0 (29)
then the dissipation inequality (26) holds for all trajectories of
(27) with V(x,t) = x" Px.
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Continuous time

Y+ %Y+ VAY)=0
Set
x=[YTYT—yIIT, u=VAy)

-3
(2 o (b
A(t)—( l 01) 8= ()

I
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Continuous time

Denote
G(Y,t) = 2(AY) - £.)

Convexity implies

AY) — £ < VAV)(Y =)

Y 0, 0, O y
o))< [v=y.| [on 0, o) [v=y.
u Op t/p Op u

since _ _
G(Y,t) =2t(AY) — £.) + EVAY)TY
then
. 2 .
_ Y T 0p 0p §lp Y
CG< | Y-y 0p 0p tl, Y — vy,
u 2 u
Elp tl, 0Op
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Continuous time

For supply rate S

0p 05 o
0Op Op th
Sl th 0O
Set , ,
P=2[3l, /,,]T[gl,, ], V=x"Px
Therefore

V<S5S< -G

Majid Darehmiraki
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Continuous time
Future work

Minimize f(x)
St gi(x)<0,i=1,2,...m

L(xA) = fix) + Z Aigi(x)
i—1

x=—VAfx)— Z A\iVai(x)

=

j\f: P()\7g,'), i= 1,2,...,m
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Continuous time

Thank you for your attention.
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	Continuous time

